arXiv:1501.04839vl [math.DG] 20 Jan 2015 


Parallelism between locally conformal symplectic 
manifolds and contact manifolds 

Eugene Okassa 
Universite Marien Ngouabi 
Faculte des Sciences et Techniques 
Departement de Mathematiques 
B.P.69 - Brazzaville - (Congo) 
e-mail: eugeneokassa@yahoo. fr 


Abstract 

We give the parallelism between locally conformal symplectic man¬ 
ifolds and contact manifolds. We also give the generalization of exact 
contact manifolds. 


Keywords: Lie-Rinehart algebras, differential operators, Jacobi manifolds, 
symplectic manifolds, contact manifolds, nonexact contact manifolds. 

Mathematical Subject Classification (2010): 13N05, 53D05, 53D10. 


1 Introduction 

Let A be a commutative algebra with unit 1a over a commutative field K with 
characteristic zero , and Diff/pA), the Lie algebra of differential operators of 
order < 1 on A. 

We recall that a Lie-Rinehart algebra is a pair (Q, p) where Q is simultane¬ 
ously an A-module and a K-Lie algebra, which Lie algebra bracket [, ], and 

p ■ Q —> Diff/f (A) 

is simultaneously a morphism of A-modules and Jt-Lie algebras satisfying 

[x, a ■ y\ = [p(x)(a) - a ■ p(x){l A )\ - y + a-[x,y) 

for any a € A and x , y £ Q [5|. 

Let (Q, p) be a Lie-Rinehart algebra and 

WS,d) = 0^ fcs (e,A) 

N 
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where £^(£7, A) is the module of skew-symmetric A-multilinear maps of degree 
p from G to A and finally 

d p : Z s ks{G,A) —* Z s ks{G,A) 

the cohomology operator associated with the representation p. 

We recall that the pair ( £ s ks(G,A),d p ) is a differential algebra [5j- 
For any x G G, the map 

ix • £sks(G,A) y £sks(G, A) 

defined by 

2 , ...,x p _i) = f(x,x 1 ,x 2 , ...,x p - 1 ), 

for Xi, x 2 , ■■■, Xp-i elements of G and for any / G £,^ ks (G, A), is a derivation of 
degree —1 [2j- The map 

dx = \ixi d p ] = ix o dp -t~ dp o i x : £sks(G , A ) y £sfcs(f7, A) 

is a differential operator of order < 1 and of degree zero satisfying, for any y G 
G, a G A 1 


[dxi iy] — *[ X y ], 

0 X o d p — d p o 0 X \ 

[@xi dy] = d[ x ,y] i 

d x a= [p(x)] (a). 

For any x G G, the bracket that defines d x is the graded commutator. 

A Lie-Rinehart-Jacobi algebra structure on a Lie-Rinehart algebra ( G,p ) is 
defined by a skew-symmetric bilinear form 

p : G x G —» A 


such that 

d p p = 0 . 

The triplet (G,p,p) is a Lie-Rinehart-Jacobi algebra [5]. A Lie-Rinehart- 
Jacobi algebra (G,p,p) is a Lie-Rinehart-Poisson algebra if p(x)(1a) = 0 for 
any x G G [53- 

A Lie-Rinehart-Jacobi algebra (a Lie-Rinehart-Poisson algebra respectively), 
(G,p,p), is said to be a symplectic Lie-Rinehart-Jacobi algebra (a symplectic 
Lie-Rinehart-Poisson algebra respectively) if the skew-symmetric bilinear form 
p is nondegenerate [5] i.e. the induced map 

G t G i x i ^ ^xpi 

is an isomorphism of A-modules where Q* is the A-module of linear forms on G■ 
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We recall that if a triplet (Q, p , p) is a symplectic Lie-Rinehart-Jacobi algebra 
(a symplectic Lie-Rinehart-Poisson algebra respectively), then A is a Jacobi 
algebra (A is a Poisson algebra respectively) [Sj- 

The parallelism between symplectic manifolds and (exact) contact manifolds 
is given in [7j. 

The main goal of this paper is to show the parallelism between locally con¬ 
formal symplectic manifolds and contact manifolds. We also will give the gen¬ 
eralization of exact contact manifolds. 

In what follows, M denotes a paracompact and connected smooth mani¬ 
fold, the algebra of numerical functions of classe C°° on M, X(M) the 

C°°(M)-module of vector fields on M, 1 the unit of T>(M) the C°°(M)- 

rnodule of differential operators of order < 1 on C°°(M) and S the cohomology 
operator associated with the identically map 

id : D(M) —> V(M). 

The term ’’differential operator” will mean ’’differential operator of order 
< 1 ”. 

2 Symplectic Lie-Rinehart-Jacobi algebra struc¬ 
ture on X(M) 

A locally conformal symplectic structure on M is a pair (u,a) made up by a 
closed 1-form 

a : X(M) —> C°°(M) 
and a nondegerate skew-symmetric 2-form 

u : X(M) x X(M) —»• C°°(M) 


such that 

dui = —a Aw 

where d is the exterior differentiation operator. 
When a = 0, then M is a symplectic manifold. 


Proposition 1 WjA smooth manifold M is a locally conformal symplectic man¬ 
ifold (M is a symplectic manifold respectively) if and only if X(M) admits 
a symplectic Lie-Rinehart- Jacobi algebra structure (X(M) admits a symplectic 
Lie-Rinehart-Poisson algebra structure respectively). 
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3 Symplectic Lie-Rinehart-Jacobi algebra struc¬ 
ture on V(M) 


When p G f,g G we recall that 

[<P,f] = <P(f)-f-<P{ 1). 

[/, 9 } = 0 . 

3.1 Lie-Rinehart algebra structure on V(M) 


For any linear form 

a : V(M) —> C°°(M), 

we verify that the map 

p a : T>(M) —> T>(M),<p i—)• f + a(p), 

is C 00 (M)-linear. 

Proposition 2 For any linear form 

a : V(M) —► C°°(M), 

then the map 

p a : D(M) —* D(M), f i—*• p a (p), 
is a morphism of Lie algebras if and only if 

Sa = (<51)Aa. 

Proof. For any p, ip £ V(M), we verify that 

[p a (p),p a {ip)\ - p a [p, ip] = [5a - (<51)Aa] (p, ip). 

And that ends the proof. ■ 

Theorem 3 If M is a smooth manifold, then a Lie-Rinehart algebra structure 
on T>(M) is always of the form (V(M), p a ) where 

a : V(M) —t C°°(M) 

is a linear form such that 

5a = (<51)Aa. 
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Proof. The previous proposition implies the sufficient condition. For the neces¬ 
sary condition, let be given a Lie-Rinehart algebra stricture (' D{M),p ) on V(M). 
For any ip £ T>(M), for any / £ C°°(M ), we get 

YP, f} = [/>(¥>)] (/)-/• |>(<P)] (!)• 

On the other hand , we get 


[<P,f] = - f ' ¥>(!)• 

We deduce that 

\p(p)\ (/) - / ' [p{p)\ (!) = P(f) - f ■ P{ 1 )- 

Therefore 

[P(<P)] (/) = ¥>(/) + f ■ (b(<^)] (!) - </?(!))• 

The map 

a : ®(M) —► ip ► [p{ip) - p\ (1), 

is a C'°°(M)-linear. Thus 

\p{v)] (/) = p(f) + f ' a(ip). 


We have 


p{y) = p> + a{p). 

We finally conclude that p = p a . As p has to be a Lie algebras morphism, we 
deduce that the linear form a is such that da = (51)Ac*. ■ 


Proposition 4 A linear form 

a : V(M) — C°°(M) 


satisfies 


5a = (51)Aa 


if and only if 

a(l) £ R and d(a\ X (M) ) = 0. 

Proof. For any ip = ip{ 1) + X, if = if(l) + Y two elements of T>(M) with X , 
Y £ X(M), we have 

[5a — (51)Aa] {ip, if) 

= if( 1) • X [a(l)] - ^(1) • y [a(l)] + [d{a {x{M) )] (X, Y). 


/ =>■ As 5a — (51)Aa = 0, we have 

0 = [5a - (51)Aa] (X, 1) 
= X[a(l)] 

= (d [a(l)])(X). 
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As X is arbitrary, we deduce that d[a(l)] = 0. Thus a(l) G R since M is 
connected. 


We also have d{a\x(M)) = 0. 

<= / If a(l) € R and d(a i^(m) ) 


0, we immediately have 5a = (dl)Aa. ■ 


3.2 Symplectic Lie-Rinehart-Jacobi algebra structure on 

V(M) 

Let {V(M), p a ) be a Lie-Rinehart algebra structure on T>(M). The linear form 

a : V(M) —> C°°(M) 

is such that 5a = (Jl)Aa. In this case, we denote 5 a the cohomology operator 
associated with the representation p a . 

Proposition 5 For any rj € Z s k s (V{M),C°°(M)), then 

5 a rj = 5rj + ah rj. 

Proof. For any r? € Z p sks (fD(M),C°°(M)) and for any ipi, ..., <p p +i G 'D(M), we 
have 


p+i 

{6 a v)(<Pi, V P + 1 ) = P<*(Vi) [vivi, Vi, V P + 1 )] 

2= 1 

+ X (- 1 ) t+3T }(lVi,Vj],Vi,-,Vi,-,Vj,-,Vp+i) 

l<i<j<p+l 

p+1 

= E(- 1 ) 1 ' 1 ^ faiVl,-, Vi, Vp+ 1)] 

2=1 

P+1 

+X++ -1 Pp+i)] ■ a +) 

2=1 

+ X (~ l ) t+3, n{[vi,vj],v\,-",vi,"-,vj,"-,vp+i) 

1<2<J<P+1 

= (577 + aA??)(<^i,...,^p + i). 


That ends the proof. ■ 

The characterization of symplectic Lie-Rinehart-Jacobi algebra structure on 
V{M) is the following one: 

Proposition 6 The C°°(M)-module V(M) admits a symplectic Lie-Rinehart- 
Jacobi algebra structure if and only if there exists a C°°(M)-linear form 

a : V{M) —» C°°(M) 
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and a nondegenerate skew-symmetric bilinear form 

lj : V{M) x D{M) —> C°°(M) 

such that 

1. 5a = (51)Aa 

2. Sui = —aAuj. 

Proof. It is obvious. ■ 


3.3 Structure of contact manifold on M when T>(M) admits 
a symplectic Lie-Rinehart-Jacobi algebra structure 

In this part, we consider a symplectic Lie-Rinehart-Jacobi algebra structure on 
'D(M) with a linear form 

a : V(M) —» C°°(M) 


such that 


5a = (<$l)Aa 


and a nondegenerate skew-symmetric bilinear form 


w : V(M) x V{M) —> C°°{M) 


such that 

5u> = —aAuj. 

In this case if D(M)* denotes the dual of the C'°°(Af)-module 'D(M), the 
map 

V(M) —y V(M)*,ip i —y i v u, 
is an isomorphism of C°°(M)- modules. 

Proposition 7 There exists an unique vector field H on Ad such that 


into = —51. 


Moreover the linear form 

h lo:V(M) — >C°°(M),ip i— 

is such that 

(iiu)(H) = 1. 

Proof. As 

u : T>(M) x V{M) — t C°°(M) 

is nondegenerate, let H £ V{M) be the unique differential operator such that 
inoj = —51. We have H( 1) = 0. Thus H is a vector field. 

We deduce that 

(h u)(H) = 1. 

And that ends the proof. ■ 
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Proposition 8 We get 


X{M) = Ker [hco\ x{M )] ® C°°(M) ■ H. 
Proof. For any X £ X(M), we write 

X = [X- (iiu)(X) • H] + (iiw)PO • H. 


We verify that 

[X - (*iw)(X) • H] £ Ker [hu\x(M)\ 

and 

Ker [iM x{M )\ n C°°(M) • H = {0} . 

Thus 

X(M) = Ker [iiw|* (M) ] © C°°(M) ■ H. 

That ends the proof. ■ 

The sets 

V(M)* h = { V £ V(M)*/ V (H) = 0} 

and 

ZW^ (M ),h = {v e V{M)*/r]\coo { M) = 0-MH) = 0} 
are modules over C°°(M). 

For any X £ X(M) ( X £ Ker [*iw|x(m)] respectively), we verify that 
ixu £V(M)* h ( i x u> £ V{M)* Coo ^ M y H respectively). 

Proposition 9 The following maps 

3L(M) —> V(M)* h ,X i—» i x u, 

and 

Ker [iiu>\x( M )] —> x '—> 

are isomorphisms of C°°(M)-modules. 

Proof. Since the map 


T>(M) —► V(M)*,ip ► i v u, 

is an isomorphism of C°°(M)-modules, then the maps 
X(M) —> V(M)* Hl X i—> i x uj, 

and 

iFer [iiw|x(M)] —> X '—» 

are injective. 

Let r] £ V(M)* h be a linear form on T>(M) such that r](H) = 0 and let <p be 
the unique element of V(M) such that 


lip U) = T]. 



We get 


0 = r]{H) 

= i v u(H) 

= ~{iH^)(p) 

= (*!)(¥>) 

= ^( 1 )- 

We deduce that p G X(M). Thus the map 

X(M) —► V(M)* h ,X^ i x u, 

is also surjective. 

Let cr G 'D(M)q 0 o^m),h be a linear form on V(M) such that cr\c°°(M) = 0 
and cr(H) = 0, and let p be the unique element of V(M) such that 

i v ui = (7. 

As a(H) = 0, then p G £(M). 

Since cr\c°°(M) = 0, we obtain 

0 = a(l) 

= (v^X 1 ) 

= - [hu] (p). 

We deduce that p G Ker [«iw|x(m)] • Thus the map 

ICer [*iw| x(M) ] —> V(M)* coo(m) h ,X i— i x u, 
is also surjective. ■ 

Corollary 10 The restriction 

W lifer[« W |* (M )]xKe7-[nH*(M)] : Ker ['MxW)] X Ker [hu\ x{M) ] > C°°(M) 

is a nondegenerate skew-symmetric bilinear form on Ker [*iw|^(m)]- 
Proof. It is obvious since the map 

Ker [iiw|* (M) ] —»• Ker [iiw|* (M) ]* ,X i x uj\ Ker [ ilu]x(M) ], 

is an isormorphism of C°°(M)-modules. ■ 

For any / G C°°{M), the linear form 

S a f - [HU) + f ■ a(H)] ■ iiw — /•[! + a(l)] • <51 : V{M) —► C°°(M), 
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belongs to V{M)* Coa ^ M ^ H . We denote <pf the unique element of V{M) such 
that 

iipfOJ — 

and Xf the unique element of Ker [*iw|_^(m)] such that 

ixf<*) = S a f ~[H(f) + f ■ a(H)\ • - / • [1 + o(l)] • 51 . 

For any f,g € C°°(M), the bracket 

{/) 5 } = ~u(<Pf,Vg) 

is a Jacobi bracket on C°°(M). Thus M is a Jacobi manifold [5j. 

We verify that 


<Pf = wm (/) + Xf - f ■ [1 + a(l)] • H. 

If we denote H a = [1 + a(l)] • p a (H), then we have 

{f,9} = ~u{X f ,X g ) — f ■ H a (g) + g ■ H a {f). 

Remark 11 We recall that as ui is a nondegenerate skew-symmetric bilinear 
form on D(M), then the dimension of M is odd E- 


Theorem 12 If the dimension of M is 2n+ 1, then the differential form 

[*l^lx(M)] [^|je(M)xX(M)] 

is a volume form on M. 

Proof. For any x € M we have H(x) 0 since (i\Uj){H) = 1. Thus the 1-form 
[iio;|_y(M)] is nonzero everywhere. Let x € M and let T X M be the tangent 
vector space at x. As the dimension of M is odd, let 2n + 1 be the dimension 
of M. The set 

{Ker [iiu\ X (M)\)x = [X{x) € T x M/X e Ker [*iwU( M )]} 
is a vector space of dimension 2 n. Since 
^Ker^UfMjlxKer^HsfM)] : KeV [*H*(M)] X Ker [<iw|*(M)] > C°°(M) 

is a nondegenerate skew-symmetric bilinear form on the (7°° (-M’)-module 

Ker [iiCj\ x{M) ] , 

then (u\ Ker [ ilulx(M) ] xKer [ ilulxiM) ])(x) is a nondegenerate skew-symmetric bi¬ 
linear form on the vector space ( Ker [*iw|x(m)] )x ■ 
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We deduce that Ker [*iw|^(m)] )x is a symplectic vector space and 
( UJ \Ker[i 1 uj\x( M )]xKer[i 1 uj\x(M )\) ^ 

is a volume form. We also deduce that H Ker [ ilulx{M) ] xKer [ ilulx(M) ]) n {x) ^ 0. 
Let (vi,V 2 , ■■■,V 2 n ) be a basis of ( Ker [iiw|x(M)] )x- We have 

( W lifer[iiw| s(M )]xifer[iia;U(M)]) rl ( a: ) (^1)^2, ■■■,V 2n ) ^ 0. 

We note that 

17 = (*)A(w| Ker [ <lt)|se(jif) ] xA - er [ ilta)|3E(M) ]) n (a:) 

is nonzero since 

v(H(x),Vl,V 2 , —,v 2 n) 

= (“\Ker[i^ xiM) ]xKer[iMzw]) n W ->«2n) ^ 0. 

As x is abitrary, we conclude that [iiwI^M)] A [aj\x(M)xX(M)\ n is a volume 
form on M. ■ 

Corollary 13 IfV(M) admits a symplectic Lie-Rinehart-Jacobi algebra struc¬ 
ture, then M is a nonexact contact manifold in the sense of Andre Lichnerowicz. 

In what follows, we give a generalization of exact and nonexact contact 
manifolds. 

Proposition 14 We get 

[1 + a(l)] • uj = S a (iiuj). 

Proof. For any p,if G V(M), we have 

(<M(1> VO = v(<p, if)-<p [(iiu)(if)] + if [(iiw)(^)] - w([l, <p ], if) 

+ w([l ,if\,<p) -u([<p,if] ,1). 

As [1, tp\ = [1, if \ = 0, we get 

(5w)(l, If, if) = u((p, lf)~<p \{i!Uj)(lf)] + if [(liw)(iy9)] + {iiu)(\p, if}) 

= [w - <5(*iw)] (p,if). 

On the other hand, we get 

(—aAw)(l, p, if)) = -a(l) • u(p, if) + a(<p) ■ (hu){if) - a{if) ■ (huj){p) 

= [— a(l) • w + aA(iiw)] (tp, if). 
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As Sui = —a Aw, we conclude that 


ui — 6(iiU)) = —a(l) • ui + aA 


Thus 


[1 + a(l)] • u> = S(iiu>) + aA(iiuj) 

= S a (i!Uj). 


That ends the proof. ■ 

As 5a = (dl)Aa, then a(l) S R. 
If a(l) ^ —1, we have 


U! = 5 a 


*l( 


1 

1 + Qf(l) 



In this case, we will say that M is an exact contact manifold since ui is 
5 Q -exact. 

If a(l) = —1, we will say that M is a nonexact contact manifold. 


3.4 Structure of symplectic Lie-Rinehart-Jacobi algebra 
on V(M) when M is a contact manifold 

Let M be a contact manifold with dimension 2n + 1. In this case, there exists 
an 1-form 

P : £(M) —► C°°(M) 
and a skew-symmetric 2-form 


such that 


n : X(M) x £(M) —> C°°(M) 

/3An n 


is a volume form on M. 

Let E be the fundamental vector field of the contact manifold M ^] . We 
have 

m = i 


and 
We get 

The restriction 


1^11 = 0 . 

£(M) = Ker/3 ® C°°(M) ■ E. 


\Ker/3xKerp ■ Ker/3 x Ker/3 —> 
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is a nondegenerate skew-symmetric bilinear form on Ker/3 [3]. 
Thus, we have 


V(M) = C°°{M) ® Ker/3 © ■ E. 


If 


7 r : V(M) — X(M) 

is the canonical surjection, the linear form 

/3 = /3ott: V{M) —> C°°(M) 


is such that 

P\c°°(M) = 0 

and 

P\X(M) = P- 

For any ip, if two elements of V(M), we have 

p = </?(l) + X + P(ip) ■ E 
i/> = ip(l) + Y + f3(ip) ■ E 

where X,Y € Ker/3. The map 

O : V{M) x V(M) —> C°° (M), ► Cl(X,Y), 

is C°°(M)-bilinear and skew-symmetric. 

The map 


fl = n + (61)A/3 : V(M) x V(M) —> C°°(M) 
is a skew-symmetric bilinear form. 

Proposition 15 We get 


i\il = 0; 
ii& = P; 

= —<51. 


Proof. It is obvious. ■ 

Proposition 16 The skew-symmetric bilinear form 

h = Ti+ ((51)A/3 : T>(M) x D(M) —> C°°(M) 
is nondegenerated. 


13 


Proof. Let <p £ V(M) such that tt(p,ip) = 0 for any ip £ T>(M). We can write 
if = <p( 1) + X + 0(ip) ■ E with X £ Ker/3. 

For ip = 1, we get 

0 = Q(<p, 1) 

= n (ip, i) + (pi i) • 0(i) -1 • 0(<p) 

= ~(h 0)(v?) - 0(tp) 

= -/%)• 


Thus 0(<p) = 0. 

For ip = E, we get 

0 = h(ip,E) 

= -(iE&)(<p) 

= («)(¥>) 

= <p(l)- 

Thus ip( 1) = 0. 

As /3(p) = 0 and ip(l) = 0, we have ip = X. Thus for any ip = Y £ Ker/3, 
we get 

o = h(p,Y) 

= n(x,Y) 

= n(x,Y). 


As 

to\Ker0xKerp : ATer/3 x Ker/3 — C°°(M) 

is nondegenerated, we deduce that X = 0. We conclude that p = 0 and the 
map 

V(M) —> V(M)*,cp>-^ i v Q, 


is injective. 

The map 

V(M) —► V(M)*, p .—>• i v Sl, 

is also surjective since if 


v : V(M) —> C°°(M) 

is a linear form on V(M) and if X is the unique element of Ker/3 such that 
ijsf O = v\Ker0, the differential operator 

<p = v(E)+X-v(l)-E 


is such that 


i v Q = v. 
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Thus 


Cl : V(M) x V(M) —> C°°(M) 

is a nondegenerate skew-symmetric bilinear form. ■ 

In what follows, we give the characterization of a contact manifold in terms 
of symplectic Lie-Rinehart-Jacobi algebra structure on T>{M). 

We consider the linear form 

a = [1 + a(l)] • 51 + i E 5P + a(E) • /? : V(M) — C°°(M) 
on T>(M) with 

a(l) G R and d [a(E) ■ j3 + i E d0] = 0. 

In this case, we have 

5a = (dl)Aa. 

We have the following properties: 

Proposition 17 We get 

1. [1 + a(l)] • Cl = 5(3 + ccA/3; 

2. a(E) • Cl = ((51)Aa — i E 5Cl; 

3. (3 [X, E] • Q = aAi\Cl — ix5Cl, for any X G Kerf3. 

Proof. For any x G M, as the matrix of f l(x) is regular, then there exists 
/ G C°°(M ), ge C°°(M) and h x G C°°(M) for any X G I<er/3 such that 
1 / f ■ Cl = 5(3 + a A (3 , 

2 /g ■ Cl = ((51)Aa — i E SCl, 

3/hx • Cl = aAixCl — ix5Cl. 

We deduce the following equations: 

a/f-i E hCl =i E iiiSfi+aAfi) , 

b/g-i E i\Cl = i E *i(((51)Aa — i E 5Cl) , 
c/hx-i E i\Cl = i E i\(aAixCl — ix5Cl) ■ 

As i E i±Cl = 1, we verify that the unique solutions are: / = 1 + a(l); 
g = a(E ) and hx = a(X) = (3 [X, E] for any X G Ker(3. ■ 

Theorem 18 We have 

5CI = — aACl.. 

Proof. We recall that 

iiCl = (3\ 
i E Cl = —<51; 
iiJfl = f2 — 5(3. 


15 



For any f G T>(M) with ip = ^j(l) + X + /3(f) ■ E, (X G Ker/3), we have 
i v (aACl + 5CI) = a(p) ■ Cl — aAi v Cl + i v 5Cl 


f(l) ■ a(l) + a(X) + (3(p) ■ a(E) 


a 


— ah 


f(l) • i\Cl + ixCl + f3(p) ■ ieCI 


■ </3(l) • zi<5fl + ixSfl + (3(f) ■ IeSCI. 


We get 


i<p(a AO + SCI) = p(l) • a(l) + a(X) + (3(f) ■ a(E) 


— aA 


■ 0 


[<p(l) • {3 + ixCl - (3(f) ■ <5lJ 
+ f(l) ■ (Cl — 5(3) + ix5Cl + (3(f) ■ isSCl. 

We also have 

i v (aACl + SCI) = f( 1) • ([1 + a(l)] • Cl — 5(3 — aA(3) 

+ ot(X) ■ Cl — aAixCl + ixSCl 
+ (3(f) ■ a(E) ■ Cl — (Jl)Aa + IeSCI . 
Proposition 17, above, implies that 

i ip (aACl + 5CI) = 0. 

As _ ___ 

i v> (aACl + 5CI) = 0, 

then, for any f,ijj,r]& T>(M) we have 

(aA Cl + 5Cl)(f, ip, rj) = 0. 

We conclude that 


5CI = —aACl. 


That ends the proof. 


Corollary 19 If M is a contact manifold, then T>(M) admits a symplectic Lie- 
Rinehart-Jacobi algebra structure. 

In this paper we showed that T>(M) admits a symplectic Lie-Rinehart-Jacobi 
algebra structure if and only if M is a contact manifold. Thus a contact 
structure on a manifold M is due to the existence of a C' 00 (A/)-linear form 

a : V(M) —» C°°(M) 

and a nondegenerate skew-symmetric bilinear form 

u : V(M) x V(M) —» C°°(M) 

such that 
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1. 5a = (dl)Aa; 

2 . 5ui = —ah.u>. 

If a(l) ^ —1, we will say that M is an exact contact manifold and if a(l) = 
—1, we will say that M is a nonexact contact manifold. 

Thus the parallelism between locally conformal symplectic manifolds and 
contact manifolds is obvious: a locally conformal symplectic structure on a 
manifold M is due to the existence of a symplectic Lie-Rineliart-Jacobi algebra 
structure on %(M) whereas a contact structure on a manifold M is due to the 
existence of a symplectic Lie-Rinehart-Jacobi algebra structure on T>(M). 
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